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Abstract
We provide a simple derivation of metrics for fundamental geometrical deforma-
tions such as Hopf fibration, squashing and Zk quotient which play essential roles
in recent studies on the AdS4/CFT3. A general metric formula of Hopf fibrations
for complex and quaternion cosets is presented. Squashing is given by a similarity
transformation which changes the metric preserving the isometric symmetry of the
projective space. On the other hand Zk quotient is given as a lens space which
changes the topology preserving the “local” metric.
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1 Introduction
In recent studies on AdS4/CFT3 [1] interesting subjects are explored by fundamental
geometrical deformations such as Hopf fibration, squashing and Zk quotient [2, 3, 4]. The
AdS4×S7 is a maximal supersymmetric solution of the M-theory, and a gauge theory on
the 3-dimensional membrane world volume including N=8 supersymmetries is expected to
be its CFT dual [1, 5]. For the N=6 superconformal symmetry, whose bosonic subgroup is
SU(4)×U(1), the Chern-Simon-matter theory with level k is conjectured to be CFT dual
of the M theory on the AdS4×S7/Zk [1]. Dimensional reduction by increasing k reduces it
into the type IIA superstring theory on the AdS4×CP3 [6, 7]. The N=1 superconformal
theory with the bosonic subgroup Sp(2)×Sp(1), where Sp(2)=SO(5) and Sp(1)=SO(3),
is conjectured to be dual of the M theory on AdS4 × S˜7/Zk [8] where S˜7 is squashed
S7. There is also squashed CP3 solution [9] and other squashing gravity duals in the
AdS/CFT including N=2, 3 superconformal cases have been examined [10].
Squashed solutions and Zk quotient solutions were widely studied in the 11-dimensional
supergravity theory [3, 4, 11] and in the superstring theories [12]. Recently intensive stud-
ies on such deformations have been explored in the 5-dimensional supergravity theory
related to black hole solutions [13, 14]. They are also useful to explore 11-dimensional
supergravity solutions from the point of view of analogy between 5-dimensional and 11-
dimensional supergravity theories [15]. Squashing deforms a kind of 5-dimensional asymp-
totically flat black hole solution into an asymptotically locally flat Kaluza-Klein black
hole solution with a compact extra dimension. Zk quotient of a compact direction gives a
Kaluza-Klein monopole solution with a magnetic charge k [16]. Squashing preserves the
global isometric symmetry but changes the local metric, while Zk quotient changes the
topological structure but does not change the local metric.
The Hopf fibration describes a 3-dimensional sphere in terms of a 1-dimensional fiber
over a 2-dimensional sphere base space whose metric is a projective space metric locally.
Its generalization to real, complex, quarternionic and octonionic projective spaces exist.
The corresponding cosets are known as listed [17] in table 1. It is denoted that Sp(n)
is a group of n × n matrices of quaternion numbers. In this paper we present a simple
description of these spaces by following the projective lightcone limit procedure proposed
in [18]. The projective lightcone limit brings the AdS5 space into the 4-dimensional
projective lightcone space where CFT lives in. It was generalized to a Hopf fibration, a
map from a (2N + 1)-dimensional sphere to a N -dimensional complex projective space,
as a simple derivation of the Fubini-Study metric [19]. There is a gauged sigma model
derivation of CPN metric [20] where constrained N + 1 complex coordinates are used.
Starting from the S2N+1 metric, a gauge field is introduced for the local U(1) and then
it is eliminated by the equation of motion to obtain the CPN metric. Instead we use
a whole U(N + 1) matrix as coordinates which includes U(1) field and U(N) fields. In
this formulation it is clear how coset, sigma model and geometry are related; for a coset
U(N +1)/U(N) the kinetic term for U(N) fields is absent resulting S2N+1, and for a coset
U(N +1)/U(N)×U(1) the kinetic term for U(1) field in addition to U(N) fields is absent
resulting CPN .
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Table 1: Hopf fibration and coset
field
Hopf fibration coset
total fiber base sphere projective space
real SN
±1 points−→ RPN O(N + 1)
O(N)
→ O(N + 1)
O(N)× Z2
complex S2N+1
S
1−→ CPN U(N + 1)
U(N)
→ U(N + 1)
U(N)× U(1)
quaternion S4N+3
S
3−→ HPN Sp(N + 1)
Sp(N)
→ Sp(N + 1)
Sp(N)× Sp(1)
In this paper we extend this formulation to Hopf fibrations listed in table 1 and to
deformations such as squashing and Zk quotient. In next section a general formula of
Hopf fibrations is derived where coordinates are embedded in a group matrix. Squashing
is explained as a similarity transformation. After discussing a real coset case, a complex
coset case is presented in section 4. Zk quotient is presented as a lens space there. In
section 5 a quaternion coset case is presented. Squashed S7 in our formulation is also
presented which is consistent to the one obtained by Awada, Duff and Pope [3].
2 General formula
In this section we present a simple derivation of metrics for a sphere and a projective
space. A squashing is introduced as a similarity transformation.
We begin by a metric for a sphere whose corresponding coset G/H is in table 1. For a
general treatment we consider embedding these groups, G and H, into orthogonal group
O(m + n + 1) and O(n + 1) where m and n take specific numbers as listed in table 2.
There are conditions on an element of U(n) and Sp(n) as in table 2 with
gtKg = K , K =


ǫ 0 . . . 0
0 ǫ . . . 0
...
...
. . .
...
0 0 · · · ǫ

 , ǫ =
(
0 1
−1 0
)
(2.1)
and
gtLg = L , L =


ǫ4 0 · · · 0
0 ǫ4 · · · 0
...
. . .
...
0 0 0 ǫ4

 , ǫ4 =
(
0 12
−12 0
)
. (2.2)
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Table 2: Embedding into orthogonal group of coset for sphere
orthogonal group
embedded G/H
field m n condition G/H
real 1 N − 1 none O(N+1)
O(N)
O(m+ n + 1)
O(n+ 1)
complex 2 2N − 1 gtKg = K U(N+1)
U(N)
quarternion 4 4N − 1 gtKg = K, gtLg = L Sp(N+1)
Sp(N)
For an element of the coset embedded in O(m + n + 1) matrix zA
B with A,B =
0, · · · , m, · · · , m + n it is convenient to denote zA0 = xA. The orthonormal condition,
ztz = 1, leads to the metric for a (m+ n)-dimensional sphere
(ztz)00 =
m+n∑
A=0
(xA)
2 = 1
ds2
Sm+n
=
m+n∑
A=0
(dxA)
2 =
m+n∑
A,B=0
δAB(JA
0)tJB
0 (2.3)
where JA
B = (z−1dz)A
B is the left invariant (LI) one form. This is invariant under the
global O(m+ n + 1) transformation of xA, namely a round (m+ n)-dimensional sphere.
On the other hand the same isometric symmetry of the sphere, G, is realized by a
projective space as listed in (1). An element of G ∋ z is partitioned into four blocks
z =
(
A B
C D
)
, (2.4)
where A, B, C, D arem×m, m×(n+1), (n+1)×m, (n+1)×(n+1) matrices respectively.
Diagonal blocks A andD are subgroup H of the coset for a projective space, while onlyD is
included in H for a sphere coset. One of the two off-diagonal blocks, C, contains projective
coordinates. In order to describe a projective space it is convenient to parametrize z as
[18]
z =
(
1 0
X 1
)(
u 0
0 v
)(
1 Y
0 1
)
. (2.5)
The parameters in (2.4) and (2.5) are related as u = A and X = CA−1 showing that X
is projective. Under the G transformation, block coordinates are transformed as
z → z′ =
(
a b
c d
)
z ,
(
a b
c d
)
∈ G (2.6)


X ′ = (c + dX)(a + bX)−1
u′ = (a + bX)u
v′ = {d− (c + dX)(a + bX)−1b} v
Y ′ = Y + u−1(a + bX)−1bv .
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The X parameter is a projective coordinate representing G by a fractional linear trans-
formation. The LI current is calculated as
J = z−1dz =
(
Ju JY
JX Jv
)
(2.7)


JX = v
−1dXu
Ju = u
−1du− Y v−1dXu
Jv = v
−1dv + v−1dXuY
JY = dY + u
−1duY − Y v−1dv − Y v−1dXuY .
Each element is invariant under G transformation (2.6).
A sphere metric (2.3) is generalized to ds2 = ‖JX‖2+‖Ju‖2 with a suitable norm. The
contribution of ‖JY ‖2 equals to ‖JX‖2 for the orthogonal group so we just use simpler
expression ‖JX‖2 only. The norm ‖w‖2 is defined in such a way that it equals to the norm
for a corresponding complex/quaternion number, |w|2. Complex conjugate “∗” is taken
care by transpose “t” when a complex matrix is embedded in an real O(n) matrix as
shown in the following sections. For example, suppose that w is O(2) 2×2 matrix written
as a12+bǫ with real numbers a, b. The norm is defined as ‖w‖2 = 12tr wtw = a2+b2 which
is equal to |w|2 = w∗w = a2 + b2 when it is recognized as a complex number, w = a+ ib.
We denote “tr MAB” as
m−1∑
A=0
MAA, since we only need this trace for m × m matrices,
(JX
tJX)
AB and (Ju
tJu)
AB, with m = 2 or 4 for complex or quaternion cases respectively.
Both ‖JX‖2 and ‖Ju‖2 are invariant under H transformation;
z → z′ = z
(
1 0
0 h
)
,
(
1 0
0 h
)
∈ H (2.8)
J ′u = Ju , J
′
X = h
−1JX
and hth = 1 is used in the norm ‖JX‖2 .
The orthonormal condition of z of (2.5) is given by;
ztz = 1 ⇒


uut = [1 +X tX ]
−1
vvt = [1−X(1 +X tX)−1X t]−1
Y = −utX tv
. (2.9)
Inserting this relation into (2.7), the square of JX is given by
||JX ||2 = 1
m
tr(JX)
tJX =
1
m
m−1∑
B=0
m+n∑
A=m
(JXA
B)tJXA
B
=
1
m
tr
(
1 +X tX
)−1 [
dX tdX − dX tX
(
1 +X tX
)−1
X tdX
]
=
‖dX‖2
1 + ‖X‖2 −
‖X tdX‖2
(1 + ‖X‖2)2 = ds
2
Fubini−Study . (2.10)
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This is a Fubini-Study metric for a projective space [19]. From the orthonormal condition
of the first line of (2.9) u can be parametrized as
u =
1√
1 + ‖X‖2
U , U tU = 1m (2.11)
where 1m is a m-dimensional unit matrix. The square of Ju is given by
||Ju||2 = 1
m
trJu
tJu =
1
m
tr
[
u−1du+ utX tdXu
]t [
u−1du+ utX tdXu
]
=
∥∥∥∥∥dUU−1 + X
tdX − dX∗X
2(1 + |X|2)
∥∥∥∥∥
2
= ds2Hopf−fiber (2.12)
It turns out that this is a metric for the Hopf-fiber.
Now let us perform a similarity transformation with a parameter λ as
z → zλ = ΛzΛ−1 , Λ =
(
λ1m 0
0 1n+1
)
. (2.13)
Although this similarity transformation does not change the algebra, it scales a part of
LI one forms as
J →
(
Ju λJY
JX/λ Jv
)
. (2.14)
Taking into account the rescaling ds2 → ds2/λ2 for a normalization, the metric for a
sphere becomes
ds2
Sm+n
= ds2Fubini−Study + λ
2ds2Hopf−fiber (2.15)


ds2Fubini−Study =
|dX|2
1 + |X|2 −
|X∗dX|2
(1 + |X|2)2
ds2Hopf−fiber =
∣∣∣∣∣dUU−1 + X
∗dX − dX∗X
2(1 + |X|2)
∣∣∣∣∣
2
where X and U variables are complex or quaternion numbers and the norm ‖w‖2 is
replaced by the usual norm |w|2; for a complex case 2N × 2 rectangular matrix X is
recognized as a complex N vector, and for a quaternion case 4N ×4 rectangular matrix is
recognized as a quaternion N vector. The parameter λ in (2.15) is “squashing” parameter
which is in general a function of coordinates [13, 14]. For such cases the similarity trans-
formation (2.13) gives extra term in (2.14), which however is not added for preserving the
G symmetry. This transformation is different from the Weyl transformation so the Weyl
tensor becomes non-vanishing in many cases which causes supersymmetry breaking. The
metric (2.15) has G invariance independently on the value of λ since each term is invari-
ant under G transformations (2.6). In addition to G symmetry ||Ju||2 term has another
symmetry which is a shift of the Hopf fiber coordinate, independently on the value of λ.
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This deformation is recognized as the symmetry breaking of the orthonormal metric.
A round spehre metric (2.3) can be written in terms of the orthonormal frame as
ds2round Sm+n =
1
m
m−1∑
C=0
m+n∑
A,B=0
δAB(JA
C)tJB
C
δAB =
(
1m 0
0 1n+1
)
(2.16)
where O(m + n + 1) symmetry is manifest. However the squashed sphere metric (2.15)
gives the following expression
ds2squashed Sm+n = λ
2‖Ju‖2 + ‖JX‖2
=
1
m
m−1∑
C=0

λ2 m−1∑
A,B=0
δAB(JA
C)tJB
C +
m+n∑
A,B=m
δAB(JA
C)tJB
C


δAB =
(
λ21m 0
0 1n+1
)
. (2.17)
where the symmetry of the orthonormal metric is broken to O(m)×O(n + 1). Despite of
this smaller vacuum symmetry the projective coordinates can realize a larger symmetry
G by the fractional linear transformation. Only for λ2 = 1 the O(m + n + 1) invariance
of the orthonormal metric is recovered in addition to G symmetry. In the λ → 0 limit a
sphere becomes a projective space with the Fubini-Study metric (2.10) where the space
dimension is reduced.
3 Real coset
At first we consider a real coset O(N+1)/O(N) as S0 (±1 points) fibration over RPN . An
element of G=O(N+1)∋ z is decomposed into four blocks as (2.4). In the parametrization
of (2.5) u and X are 1×1 and N×1 matrices respectively. For example N = 7 case, S7
is written as S0 (±1) fibration over RP7. A round seven sphere is easily seen in the
parametrization of z ∈ O(8) as
z =


x0
x1
x2
x3
x4
x5
x6
x7


(3.1)
with x0 = u and xA = XA
0 u for A = 1, · · · , 7, while the Hopf fibration is easily seen in
the RP7 coordinates XA
0 with A = 1, · · · , 7 and the fiber coordinate u.
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The fiber coordinate “u” in (2.11) can be chosen as
u =
1√
1 +X2
U , X2 =
n∑
A=1
XA
0XA
0 , U = ±1. (3.2)
The LI one form responsible for the fiber is zero, Ju = 0. The metric (2.15) becomes the
one for RPN is calculated as
ds2
RP
N =
dX2
1 +X2
− (X · dX)
2
(1 +X2)2
=
dr2
(1 + r2)2
+
r2dΩ2(N−1)
1 + r2
= dθ2 + sin2 θdΩ2(N−1) (3.3)
which is the metric for a “locally” round SN . In the second line from the bottom X2 = r2
and dX2 = dr2 + r2dΩ2(N−1) are used and r = tanθ is used for the last line. There is no
room to introduce λ for the S0 fiber.
4 Complex coset
Next we consider a complex coset U(N +1)/U(N) which corresponds to S1 fibration over
CPN . When an element of U(N+1) matrix is embedded in (2N+2)×(2N+2) orthogonal
matrix, z, it preserves a Ka¨hler form metric ztKz = K in (2.1) as well as ztz = 1 . Since
ǫ2 = −1 and ǫt = −ǫ, ǫ is an imaginary base “i” and “transpose” is replaced with complex
conjugate “∗”. Then z is recognized as (N + 1)×(N + 1) matrix of complex numbers by
recognizing a 2×2 matrix w = a12+bǫ as a complex number w = a+ ib with real numbers
a and b.
Let us decompose a coordinate z ∈ U(N + 1) into four blocks as (2.4). u and X in
the parametrization (2.5) are 2× 2 and 2N × 2 matrices respectively. S7 is given by N=3
which is S1 fibration over CP3. A round seven sphere and a Hopf fibration are easily seen
in the following parametrizations of z ∈ U(4) respectively as
z =


x0 −x1
x1 x0
x2 −x3
x3 x2
x4 −x5
x5 x4
x6 −x7
x7 x6


=


u
X1 u
X2 u
X3 u


. (4.1)
The fiber coordinate in (2.11) is parametrized as
u =
1√
1 +
∑N
I=1 |XI |2
eiφ . (4.2)
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From the metric formula (2.15) the metric for a S2N+1 as S1 fibration over CPN including
a squashed parameter λ is given as
ds2
S2N+1
= ds2
CP
N + ds2S1 (4.3)

ds2
CP
N =
N∑
I=1
|dXI |2
1 +
N∑
I=1
|XI |2
−
∣∣∣ N∑
I=1
dXI
∗XI
∣∣∣2
(
1 +
N∑
I=1
|XI |2
)2
ds2
S1
= λ2(dφ+ A)2 , A = −
N∑
I=1
i (X∗I dXI − dX∗IXI)
2
(
1 +
N∑
I=1
|XI |2
)
.
ds2
S2N+1
is invariant under the G=U(N+1) symmetry with the transformation rule (2.6)
independently from the value of λ, where the CPN coordinates are transformed as a linear
fractional transformation. In addition to U(N + 1) there exists another U(1) symmetry;
φ→ φ+c with constant number c. Combining this U(1) and U(1) in U(N +1), the whole
symmetry of the (2N +1)-dimensional sphere metric ds2
S2N+1
in (4.3) is SU(N +1)×U(1).
The Einstein condition allows only λ2 = 1 which corresponds to a round S2N+1 metric
with O(2N+2) symmetry. Reducing dimensions allows another Einstein solution with λ =
0 corresponding to the Fubini-Study metric for CPN . At λ2 = 1 the O(2N+2) symmetry
is recovered from U(N+1) which is reflection of recovery of the vacuum symmetry as
shown in (2.17). It is also easily seen by introducing the coordinates X˜I = XIe
iφ, then
the metric is rewritten as
ds2
S2N+1
=
dφ2 +
N∑
I=1
|dX˜I |2
1 +
N∑
I=1
|X˜I |2
−
(
1
2
d
N∑
I
|X˜I |2
)2
(
1 +
N∑
I=1
|X˜I |2
)2 + (λ2 − 1) (dφ+ a˜)
2
(
1 +
N∑
I=1
|X˜I |2
)2 (4.4)
a˜ = −1
2
N∑
I=1
i
(
X˜I
∗dX˜I − dX˜∗I X˜I
)
At λ2 = 1 with changing variables,
∑
I |X˜I |2 = r2,
∑
I |dX˜I |2 = dr2 + r2dΩ(2N−1) and
r = tan2 θ, the metric becomes
ds2
S2N+1
= dθ2 + sin2 θdΩ2(2N−1) + cos
2 θdφ2 (4.5)
describing a round S2N+1. The first two terms in (4.4) contain real symmetric combina-
tions, |V |2, whose symmetry is not only U(N+1) but enlarged to O(2N+2). On the other
hand the third term in (4.4) contains “imaginary” skew combinations V ∗W −W ∗V whose
invariance is Sp(2N + 2;R). Requiring both invariances at λ2 6= 1 reduces to U(N + 1)
invariance.
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Now let us consider Zk quotient of a sphere which is important deformation to change
the topology [1, 14]. Lens spaces, S3/Zk, were considered for the geometrical interpre-
tation of D-branes [21]. We present a general description of lens spaces in our coset
formalism. Let ω be a primitive k-th root of unity, ωk = 1 and q0, q1, q2, · · · be coprime
to k. A lens space L(k; q0, q1, q2, · · ·) is a quotient of the ω action for complex coordinates
ZA as (Z0, Z1, Z2, · · ·) → (ωq0Z0, ωq1Z1, ωq2Z2, · · ·). This is realized as the “left” action in
our formalism as
z =


Z0
Z1
Z2
...

 → zω =


ωq0
ωq1
ωq2
. . .




Z0
Z1
Z2
...

 . (4.6)
Therefore it does not change the LI one form, zω
−1dzω = z
−1dz, and the “local” metric.
But it changes periods of the fiber coordinates, so it changes a topology in general. A
lens space L(2;1,· · ·,1) is RP2N+1, and lens spaces L(k;q0, q1, q2, · · ·) are S2N+1/Zk. We
consider a lens space L(k;1,· · ·,1) as S2N+1/Zk [1]. Contrast to the squashing action (2.13),
the Zk quotient is obtained by the left action of ω = e
i2pi/k operation:
z =


Z0
Z1
Z2
...

 → zω =


ω
ω
ω
. . .




Z0
Z1
Z2
...

 (4.7)
=


1 0
X1
X2 1
...




ωu 0
0 1




1 Y
0 1


In the second line it is shown that this action reduces into the action only on u. The Zk
quotient z ∼ zω reduces to u ∼ ωu which changes the boundary condition of φ introduced
in (4.2),
u ∼ ωu⇔ φ ∼ φ+ 2π
k
. (4.8)
In general boundary conditions in lense space produce more general topological deforma-
tions.
We can examine the effect of the Zk quotient at λ
2 = 1 for example, since the Zk
quotient is independent procedure from squashing. For a round sphere metric (4.5) there
is dφ2 term where φ has period 2π/k. If we rewrite it in terms of a 2π period coordinate
ϕ, then it becomes dφ2 → dϕ2/k2 so the orthonormal metric is distorted as δφφ = 1
→ δϕϕ = 1/k2. In the O(2 + 2N) matrix coordinate dφ is included only in the ds2
S1
,
and the symmetry of the vacuum orthonormal metric is broken to O(2)×O(2N). It still
preserve G=U(N +1) symmetry manifestly independent from the value of k. The metric
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for a S2N+1/Zk, which is S
1/Zk fibration over CP
N , is given as
ds2
S2N+1/Zk
= ds2
CP
N + ds2S1/Zk (4.9)

ds2
CP
N =
N∑
I=1
|dXI |2
1 +
N∑
I=1
|XI |2
−
∣∣∣ N∑
I=1
dXI
∗XI
∣∣∣2
(
1 +
N∑
I=1
|XI |2
)2
ds2
S1/Zk
= (dφ+ A)2 =
1
k2
(dϕ+ kA)2
A = −
∑N
I=1 i (X
∗
I dXI − dX∗IXI)
2(1 +
∑N
I=1 |XI |2)
where ds2
CP
N and A are the same as the ones in (4.3). This is locally a round metric so
the same Ricci curvature and the same energy independently on the value of k. But the
isometry of this space is not O(2N + 2) but breaks down to SU(N + 1)×U(1) at k 6= 1.
Increasing k, the fiber contribution becomes small and only CPN space remains which
satisfies the Einstein condition in 2N -dimensional space.
5 Quaternion coset
In the last we consider a quaternion coset Sp(N + 1)/Sp(N) which corresponds to S3
fibration overHPN . When an element of Sp(N+1) matrix is embedded in (4N+4)×(4N+
4) orthogonal matrix z, it satisfies U(2N + 2) condition ztKz = K with (2.1) and the
symplectic condition ztLz = L with (2.2). Such matrix, z, is given by a (N +1)× (N +1)
matrix where each element is 4 × 4 matrix w = a14 + bτˆ1 + cτˆ2 + dτˆ3 with real numbers
a, b, c, d and basis
τˆi =


τˆ1 = 1⊗ ǫ
τˆ2 = ǫ⊗ τ1
τˆ3 = ǫ⊗ τ3
. (5.1)
Since τˆiτˆj = −δij + ǫijkτˆk, τˆ1τˆ2τˆ3 = −1 and τˆ ti = −τˆi, τˆi are quaternionic imaginary basis
and transpose is complex conjugate “∗”. So w is a quaternion number giving a real norm,
‖w‖2 = 1
4
tr wtw = a2 + b2 + c2 + d2 which is equal to |w|2 = w∗w.
Let us decompose a coset element z ∈ Sp(N + 1) into four blocks as (2.4). u and X
in the parametrization (2.5) are 4 × 4 and 4N × 4 matrices respectively. S7 is given by
N = 1 case, which is S3 fibration over HP1. An element z ∈ Sp(2) is parametrized as
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follows:
z =


x0 −x1 −x2 −x3
x1 x0 −x3 x2
x2 x3 x0 −x1
x3 −x2 x1 x0
x4 −x5 x6 x7
x5 x4 x7 −x6
x6 x7 x4 −x5
x7 −x6 x5 x4


=


u
Xu


(5.2)
The first parametrization is convenient for a round seven sphere and the second parametriza-
tion is convenient for the Hopf fibration.
From the orthonormal condition u can be parametrized as (2.11)
u =
1√
1 +
∑N
I=1 |XI |2
U , U ∈ Sp(1) . (5.3)
From the metric formula (2.15) the metric for a S4N+3 which is a S3 fibration over HPN
is obtained as
ds2
S4N+3
= ds2
HP
N + ds2S3 (5.4)

ds2
HP
N =
N∑
I=1
|dXI |2
1 +
N∑
I=1
|XI |2
−
∣∣∣∣∣
N∑
I=1
dXI
∗XI
∣∣∣∣∣
2
(1 +
N∑
I=1
|XI |2)2
ds2
S3
= λ2
∑
i=1,2,3
(νi + Ai)
2 , νi = ℜ
(
dUU−1 τˆi
−1
)
Ai = ℜ


N∑
J=1
(XJ
∗dXJ − dXJ∗XJ)
2(1 +
N∑
I=1
|XI |2)
τˆi
−1


where ℜ(w) denotes a real part of w. This metric has Sp(N + 1)×Sp(1) symmetry
independently from the value of λ; The HPN coordinates, XI , are transformed as a linear
fractional transformation given by (2.6) realizing Sp(N + 1) symmetry. The ds2
S3
has
additional Sp(1) symmetry under which XI ’s are inert.
As in the general argument (2.16) it becomes a round (4N + 3)-dimensional sphere
at λ2 = 1 and the global symmetry is enhanced to O(4N + 4). At λ2 = 1 the metric
(5.4) becomes the one for a round S4N+3 which is easily seen in the following coordinates
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X˜I = XIU as
ds2
S4N+3
=
∑
i=1,2,3
νi
2 +
N∑
I
|dX˜I |2
1 +
N∑
I=1
|X˜I |2
−
(
1
2
d
N∑
I=1
|X˜I |2
)2
(
1 +
N∑
I=1
|X˜I |2
)2
= dθ2 + sin2 θdΩ2(4N−1) + cos
2 θdΩ2(3) (5.5)
where
N∑
I=1
|X˜I |2 = (tan θ)2 and
N∑
I=1
|dX˜I |2/(1 + |X˜|2) = dθ2 + sin θ2dΩ2(4N−1) are used.
Next let us focus on N = 1 case to examine a non-trivial squashed S7 solution. In
order to correspond a round S7 coordinates and a squashed S7 coordinates, Sp(1)∋ U
and HP1 coordinate X are expressed in terms of xA, A = 1, · · · , 7 with |X|2 = x42 and
X = x4V as
U =
1 +
∑
i=1,2,3
xiτˆi
√
1 +
∑
l=1,2,3
xl
2
, V =
1 +
∑
i=1,2,3
x4+iτˆi
√
1 +
∑
l=1,2,3
x4+l
2
.
This is an embedding of an instanton solution on S4 into SU(2) fiber. The metric for S7
as a S3 fibration over HP1 is given by
ds2
S7
=
1
4
dθ2 +
sin θ2
4
ν˜i
2 + λ2
∑
l=1,2,3
(νi + Ai)
2 (5.6)


Ai =
1− cos θ
2
ν˜i
νi = ℜ (dUU−1 τˆi−1) = 1
1 +
∑
l=1,2,3
xl
2
(dxi + ǫijkxjdxk)
ν˜i = ℜ (V −1dV τˆi−1) = 1
1 +
∑
l=1,2,3
x4+l
2
(dx4+i − ǫijkx4+jdx4+k)
where |X|2 =
(
tan θ
2
)2
which is different from θ in (5.5). Two Sp(1) currents, νi and ν˜i,
satisfy
∑
νi
2 =
∑
ν˜i
2 = dΩ(3)
2, dνi = ǫijkνj ∧ νk and dν˜i = −ǫijkν˜j ∧ ν˜k. The metric in
vielbein form is given as
ds2
S7
= eaδabe
b , a = (1, 2, 3, θ, 5, 6, 7)
ei = λ(νi +
1− cos θ
2
ν˜i)
eθ =
1
2
dθ
e4+i =
sin θ
2
ν˜i . (5.7)
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The Ricci tensor with local Lorentz indices are
Ri
j = (
2
λ2
+ 4λ2)δ
j
i , R4+i
4+j = 6(2− λ2)δji , Rθθ = 6(2− λ2) . (5.8)
The Einstein metric condition, Rab = cδab ⇔ Rmn = cgmn, equates these coefficients to
be equal. There are two solutions
6(2− λ2) = 2
λ2
+ 4λ2 → λ2 = 1 , 1
5
. (5.9)
Detail of the computation is in the appendix. The λ2 = 1 solution corresponds to an
O(8) invariant round seven sphere solution, while the λ2 = 1/5 solution corresponds to a
squashed seven sphere which has only Sp(2)×Sp(1)= SO(5)×SO(3) invariance [3, 4]. Our
coordinate system in (5.6) is slightly different from the one of the Awada, Duff and Pope,
but it gives the same result which is the same ratio of sizes of the fiber S3 and the base
HP1=S4. For λ2 = 0 it becomes the Fubini-Study metric of HP1.
6 Conclusion and discussions
We have presented a simple derivation of metrics for Hopf fibrations by a coset formulation.
The coordinate is a group matrix and it is decomposed into four blocks. Fiber coordinates
and projective coordinates are treated differently by embedding into different blocks;
The former and the latter are embedded in an upper-left diagonal block and a lower-
left off-diagonal block respectively. The remaining diagonal block corresponds to the
stability group. Projective coordinates realize the isometric symmetry manifestly by a
fractional linear transformation. Squashing is introduced as a similarity transformation
which preserves the isometric symmetry of the projective space. It changes the metric and
curvature tensors. Squashed S7 is also obtained in this formulation which is consistent
with the one [3]. The Zk quotient is introduced as a lens space which also preserves
the isometric symmetry of the projective space. It does not change the “local” metric
but changes the topology. It may be interesting to examine general lens space solutions
S2N+1/Zk=L(k; q0, q1, · · · , qN) where q0, q1, · · · , qN are coprime to k.
Key of our simple description is the four blocks partition of a coordinate matrix (2.4)
and (2.5) where the Hopf fiber coordinate is embedded in the upper-left diagonal block.
This is not the case for the supersymmetrization of AdS4×S7 which is described by the
supergroup OSp(8|4). The Hopf fibration breaks OSp(8|4) into OSp(6|4) where OSp(6|4)
is embedded in a diagonal block, then the Hop fiber U(1) is not embedded in a diagonal
block of this SO(8) spinor representation. In the supergroup matrix there is another U(1)
under which OSp(6|4) is singlet, so this is embedded in the diagonal block. There are
several important U(1)’s in OSp(8|4) clarified by Gomis, Sorokin and Wulff [7]. The Hopf
fiber U(1) and U(1) in SU(4) which is SU(3) invariant are given by
THopf−fiber = M12
TSU(3)−inv = −3M12 +M34 +M56 +M78 ⇒ T1 (6.1)
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where Mab a = 1, · · · , 8 are SO(8) generators in the vector representation. On the other
hand the spinor representation is obtained by multiplying gamma matrices Γa. Spinor
states are classified by the chirality operator Γ1 · · ·Γ8 and U(1) charge, T2,
T2 = /M 12 + /M34 + /M 56 + /M 78 (6.2)
∼ σ3 ⊗ 1⊗ 1⊗ 1+ 1⊗ σ3 ⊗ 1⊗ 1+ 1⊗ 1⊗ σ3 ⊗ 1+ 1⊗ 1⊗ 1⊗ σ3
T1 = /T SU(3)−inv = −3/M 12 + /M 34 + /M 56 + /M 78
with /M 12 = M12Γ12. The U(1) generated by T2 is embedded in a diagonal block. T2
corresponds to KabΓab in (2.1). The positive chirality states are |↑↑↑↑〉, |↓↓↓↓〉, |↑↑↓↓〉,
· · ·, |↓↓↑↑〉 with T2 charge (2,−2,0, 0, 0, 0, 0, 0) respectively, which is 12 + 1−2 + 60. The
negative chirality states are |↑↑↑↓〉,· · ·, |↓↓↓↑〉,· · ·with T2 charge (1, 1, 1, 1,−1,−1,−1,−1)
respectively, which is 41 + 4−1. Survived T2 invariant supergroup is OSp(6|4). The re-
maining spinor states with T2 = ±2 in the positive chirality sector must make a closed
supergroup OSp(2|4) where this O(2)=U(1) generated by T2. Therefore the Hopf-fiber
U(1) and another U(1) are given by
THopf−fiber =
1
2
(T2 − T1) = /M 12 (6.3)
T ′ =
1
2
(T1 + T2) = − /M 12 + /M34 + /M 56 + /M 78 .
In the spinor representation THopf−fiber can not be embedded in a block among four,
because |/M212| = 18. The bosonic part of the coset is SU(4)×U(1)/SU(3)×U(1)’, where
U(1) in the numerator is generated by T2 and U(1)’ in the denominator is generated by
T ′. It will be useful to have a simple treatment of the supersymmetric Hopf fibration and
deformations. We put this problem for a future problem including integrability analysis
of the AdS4/CFT3 correspondence.
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A Ricci tensor of squashed S7
The metric (5.6) is written as
ds2
S7
=
1
4
dθ2 +
sin θ2
4
ν˜i
2 + λ2
∑
l=1,2,3
(νi +
1− cos θ
2
ν˜i)
2 . (A.1)
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In the vielbein is determined as gmn = em
aen
bδab
em
a =


λΥi
j 0 0
0
1
2
0
λˆΥˆiˆ
j 0
ˆˆ
λΥˆiˆ
jˆ

 , m = (i, θ, iˆ) = (1, 2, 3, θ, 5, 6, 7)a = (i, θ, iˆ) = (1, 2, 3, θ, 5, 6, 7) (A.2)
with λˆ = λ
1− cos θ
2
and
ˆˆ
λ =
sin θ
2
and
Υij =
δij + ǫijkx
k
1 +
∑
l=1,2,3
xl
2
, Υˆij =
δij − ǫijkx4+k
1 +
∑
l=1,2,3
x4+l
2
Υ−1ij = δij − ǫijkxk + xixj , Υˆ−1ij = δij + ǫijkx4+k + x4+ix4+j
. (A.3)
The inverse vielbein is
ea
m =


1
λ
Υ−1i
j 0 0
0 2 0
− λˆ
λ
ˆˆ
λ
δ
j
iˆ
Υ−1j
j 0
1
ˆˆ
λ
Υˆiˆ
jˆ


. (A.4)
Derivative operators in the local Lorentz frame indices are closed as
ea = ea
m∂m ,
[
ea, eb
]
= cab
cec , cab
c = −eamebn∂[men]c . (A.5)
Covariant derivative operators
∇a = eam∂m + 1
2
ωa
bcMcb (A.6)
satisfy
[
∇a,∇b
]
= Tab
cec +
1
2
Rab
cdMdc (A.7)
with Lorentz generator Mab. If the torsion is zero, Tab
c = 0, curvature is written in terms
of the structure constant
ωabc =
1
2
(cbca − cabc + cacb) , Rabcd = e[aωb]cd − cabeωecd + ω[aceωb]ed . (A.8)
The covariant derivative operators for the Sp(2)×Sp(1) space (A.1), which is torsion-
less, are computed as
∇i = 1
λ
Υ−1i
j∂j +
1
2
{
1
λ
ǫijkMjk + λǫijˆkˆMjˆkˆ − λδijˆMθjˆ
}
∇θ = 2∂θ (A.9)
∇iˆ =
1− cos θ
sin θ
δ
j
iˆ
Υ−1j
k∂k +
2
sin θ
Υˆ−1 iˆ
jˆ∂jˆ
+
1
2
{
2(1− cos θ)
sin θ
ǫijkMjk − λǫˆijˆkMjˆk −
2
sin θ
ǫˆijˆkˆMjˆkˆ − λδiˆkMθk −
2 cos θ
sin θ
δiˆkˆMθiˆ
}
.
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The Ricci tensor with local Lorentz indices, Ra
b = Rac
bc,
Ri
j = ( 2
λ2
+ 4λ2)δ
j
i , R4+i
4+j = 6(2− λ2)δji , Rθθ = 6(2− λ2)
others = 0 . (A.10)
The Ricci tensor with curved indices is Rmn = em
aen
bRab.
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